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INTRODUCTION 
Let E be a locally convex Hausdorff space. A sequence (5) in E is 
called a Schauder basis for E if every element x E E can be written uniquely 
as x=J$ mxg with art E K (K=H or Cl,) and if the coefficient functionals 
fn: x + 0~~ are continuous. The Schauder basis (x8) for E is said to be 
equicontinuous if the sequence of partial sum operators (S,), where 8, 
is defined by S&)=&, 011x6, is equicontinuous. 
In this paper we consider the following problems: 
i) If (a) is a Schauder basis for E, describe the compatible topologies 
on E (i.e. the locally convex topologies on E giving the same dual) 
for which (xi) is equicontinuous. 
ii) If (xi) is a weak Schauder basis for E (i.e. a Schauder basis in the 
weak topology on E), describe the compatible topologies on E for 
which (q) is a Schauder basis. 
Equicontinuous bases have been studied by MCARTHTJR and RETHER- 
FORD in [6]. They prove e.g. that every Schauder basis of a barrelled 
space is equicontinuous. 
Problem ii) is known as the “weak basis problem”. Mostly it is stated 
in the form “is every weak Schauder basis for E a Schauder basis for E ?" 
It was proved by ARSOVE and EDWARDS in [l] that the answer is yes 
if E is a barrelled space. On the other hand DTJBINSKY and RETHERFORD 
showed in [2] that the answer is no in general. 
In this paper we give a complete solution of both problems for locally 
convex Hausdorff spaces E having a (T(E), E)-sequentially complete dual 
apace E'. 
It turns out that both problems are closely related and that in fact 
the complete solution of the first implies immediately the complete 
solution of the second. Our results contain of course the partial results 
of [l], [2] and [6], mentioned above. 
All the notations and general properties concerning locally convex 
spaces are taken from [5] and will be used without any further reference 
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We fix however the following notions and notations which will be funda- 
mental for what follows. 
The locally convex topology .Y on E will be considered as a topology 
of A-convergence, A standing for the family of the convex c(E), E)- 
closed equicontinuous subsets of E’. The corresponding semi-norms on E 
will be denoted by plcr (M E d). I.e. PM(Z) = sup,, M 1(x, a)]. If (a) is a 
Sohauder basis for E then the coefficient functionala ft, i = 1, 2, . .., form 
a c(E), E)-Schauder basis for E’. Thus every a E E’ can be written uniquely 
as a= Z; (xi, a)/$, the series being u(E’, E)-convergent. 
The corresponding partial sum operators on 1’ will be denoted by T,,. 
Thus T,(a) = & (a, @ft. 
We shall frequently make use of the following equality which is easy 
to prove: 
<zn (x, ft>xt, a> = Cc CILn <a, +A>. 
In particular we have for each n: 
<h&), a> =+A T&D. 
For A C E’ we denote by d the set 
i?=A u {T&)la E A, n= 1, 2, . ..I 
For A C E we denote by A the set 
if={xjx~A and S,(X)EA for n=l,2, . ..). 
The sets 3 and A^ depend on the Schauder basis (a). 
5 1. DEFINITION AND ELEMENTARY PROPERTIES OF THE TOPOLOUY y 
LEMMA 1.1. For every subset A of E’ we have 
(A)0 = (A”)^. 
PROOF. If x E @)a, then obviously x E AO. Jo it is left to prove that 
S,(X)EAO for n=l, 2,... . Now this is clear from the fact that for a E A 
we have 
I@&), @I = I@, C&-W 6 1. 
On the other hand let x E (AO)^ and take a ~2. Then a E A or there exist 
b E A and n such that a=T,Jb). In the first case obviously 1(x, a)1 < 1. 
In the second case we have 
I+, +I = l<x, Tn(bDl= I@&), b)l< 1. 
Hence x E (d)O. 
LEMMA 1.2. For all M E A, the set &! is a(E’, E)-bounded in E’. 
PROOF. It is sufficient to prove that (i@)O is absorbing in E. So take 
x E E. Then the set {&(x)ln= 1, 2, . ..} is bounded in E while NO is a 
19 Indagationes 
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zero-neighbourhood in E. Hence there exists an OL > 0 such that S,(Z) E AiIP 
for )2]>n and n= 1, 2, . . . . 
But since 2MO is closed in E then also x E 1&P. Jo x E A(MO)^ =A@)0 
for ]A] >ol, which means that (@a is absorbing in E. 
DEFINITION 1.1. The polar topology defined on E by the family 
d= (BIM E A}, which by lemma 1.2. consists of (T(E’, E)-bounded 
subsets of E’, will be called the y-topology on E. 
The y-topology depends obviously on the original topology 9 on E 
and the Schauder basis (5). 
REMARK. The y-topology is exactly the topology defined by Mc- 
ARTHUR and RETHERFORD in [7] and by WEILL in [8]. Our approach to 
this topology is slightly different and fits better for our purposes. 
PROPOSITION 1.1. The topology 5 on E can be determined by the 
family of semi-norms {fl~/M E A}, where g&f is de&red by 
(E7&&) = supn p&%(z)), x E E, M E &. 
PROOF. By the definition of 9 we have: 
@M(X) = supac lG I <x, a> I = sup {sqh M I<x, a>l, SUPIMM SUP?& I<x, ~&))I} 
= sup {suptao M I(& a>], sUpa M sup, I(&&), @)I} 
= supn supm. I(&&), a>], 
khce lim?& supac~ k%(x), a>1 = SupacM I(% a>l. 
PROPOSITION 1.2. The topology F is the coarsest polar topology on E, 
finer that F, for which (a) is an equicontinuous Schauder basis. 
PROOF. We only have to prove that (q) is a basis in E, 3. The re- 
maining part of the proposition is then an immediate consequence of 
the definition of 3? 
So let XEE, MEA and E>O. 
Then z can be written uniquely as X= 26 oy Q, the series being Y- 
convergent. Hence there exists an index ia such that 
and thus is 
Consequently 
flM(z--&T(X)) = sup, r)M(‘%(X -&c(z))) = sup, r)M(zsk+l Oy xt) < & for k > io. 
This means that 
in E, 8. 
limk #k.(x) =x 
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PROPOSITION 1.3. In a barrelled space every Schauder basis is an 
equicontinuous basis. (ofr. [6] p. 208.) 
PROOF. We have indeed by proposition 1.2. that for a barrelled space 
the topologies Y and @ coincide. 
PROPOSITION 1.4. If E, Y- is complete then E, 3 is complete. 
PROOF. For a direct proof of this proposition we refer to [7] p. 38, 
or [8] p. 469. 
Other complete?ess problems will be treated later in this paper. 
The topology Y on E constructed as above starting from the weak 
topology on E will be of particular importance for the rest of this paper. 
It will be denoted by Z(E, E’). 
It follows from proposition 1.1. that the i?(E, E’)-topology on E can 
be determined by the semi-norms 
p,(z)= supn I@,(x), a)\, z E E, a E E’. 
A deeper insight in the Z(E, E’)-topology is obtained considering the 
sequence spaces associated with E and E’ corresponding to the Schauder 
basis (xi). 
We denote by I and ,U the following sequence spaces: 
1= ((&)I 2‘ art xi converges in E, F> 
and 
p = {(ydl zt yifg converges in fl, UP’, E)}. 
It is easy to see that 3, (reap. ,u) is algebraically isomorphic to E 
(resp. E’). So the locally convex topology Y of E (and of course all the 
compatible topologies on E for which (~0 is a Schauder basis) can be 
transferred to the sequence space iz. The same can be done with the 
space E’ and the sequence space ,u. 
Let 38 stand for the B-dual space of iz. 
I.e. P= {(&)I G orc& converges for all (~0 E ;2>. 
(More information on p-duals of sequence spaces can be found in [4]). 
It is then proved in [3] that p C P. 
Hence the sequence spaces 3, and ,u form a dual pair (1, ,u) and it is 
easy to see that the Z(E, E’)-topology on E, when transferred to A, is 
nothing else than the a$, p)-topology on 1. This oy-topology was intro- 
duced by GARLIN~ in [4] and all its properties will be taken from that paper. 
The “coincidence” of the oy-topology and the Z-topology will be very 
usefull in the sequel, especially after we proved the following 
LEMMA 1.3. 
i) I is always contained in ,I,#, 
ii) if 3. is ~(1, p)-sequentially complete then A=$?, 
iii) if ,u is a(,~, i2)-sequentially complete then ,u =P. 
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PROOF. 
i) If (%) E A and (66) E ,u, then there exist x E E and a E E’ such that 
x = G oyxg and (y, a) = (y, Z:I S,fj) for all y in X. 
Thus 
which proves that 2~ arc& converges. 
Hence (oy) E ,L&‘. 
ii) Suppose A is a@, p)-sequentially complete and take (a+) E ,~fi. Then 
it is easy to see that (a) is the a(#, p)-limit of its sections, and thus the 
sections of (0~) form a Cauchy-sequence in ,u@. But as they are all in iz 
and 1 is o(A, p)-sequentially complete, they converge in A for the topology 
a(& ,a) and so (a~) E 1. 
iii) Same proof as for ii). 
PROPOSITION 1.5. 
i) If E is weakly sequentially complete then E is complete under the 
topology Z(E, E’). 
ii) If E’ is u(E), I)-sequentially complete then E’ is i?(E’, E)-complete. 
PROOF. 
i) If E is a(E, E’)-sequentially complete, then A=@ by lemma 1.3. 
It follows then from [4] p. 973, that the space A is complete under the 
a#, p)-topology. This means exactly that E is Z(E, E’)-complete. 
ii) Same proof as for i). 
PFCOPOSITION 1.6. If E is weakly sequentially complete and has an 
equicontinuous Schauder basis for its weak topology, then E is isomorphic 
to a closed subspace of some power of K. 
PROOF. If a weak Schauder basis for E is equicontinuous, then the 
weak topology on E coincides with the Z(E, E’)-topology determined by 
this weak Schauder basis. Then E is weakly complete by prop. 1.6. This 
proves the proposition. 
Q 2. COMPATIBILITY OF THE Y-TOPOLOGY 
PROPOSITION 2.1. If E has a weak Schauder basis (8) and 1’ is 
a@‘, E)-sequentially complete, then the Z(E, E’)-topology on E is com- 
patible with the dual pair (E, E’). It is the coarsest compatible topology 
on E for which the basis (~0 is equioontinuous. 
PROOF. If E’ is u(E’, E)-sequentially complete then ,U =Afl (lemma 1.3.). 
It follows then from [4] p. 974 that p can be identified with the dual 
of A under the uy(l, ,u)-topology. 
This means that the dual of E under the t?(E, E’)-topology is equal to 1’. 
The second part of the proposition then follows immediately from the 
definition of 5. 
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LEMMA 2.1. If (Q) is a Schauder basis for E, then for every M E y1y 
we have 
i) the set i@ is Z(E’, E)-precompact. 
ii) if E’ is (T(E), E)-sequentially complete the set j@ is Z(E’, E)-relatively 
compact. 
iii) if E’ is a(E’, E)-sequentially complete, the u(E), E)-closed convex hull 
0 
V(B) of i@ is o(E’, E)-compact. 
PROOF. 
i) Since the sequence (fr) is an equicontinuous Schauder basis in E’ 
for the topology Z(E’, E), we can apply theorem 1 of [6]. 
Since M is CT@‘, E)-compact, f@) is bounded in R for every i. Then 
we only have to check that limr T&z) = a in the topology iS(E’, E), uni- 
formly on B. 
We thus have to prove that for each z E E 
limk (sup&i ~z(~k(~) -a)) = 0. 
Now 
lh(supaaP ~z(~k(~) --cG)) =limk(supaaii sup, I(z, Tfl(Wa) --@>I) 
= lh(qh iG sqh I@, 2-k+l (8, a> &I) 
= limdsqh P sup% I( zwE+1 (4 ft) a, @I) 
= limk p~(x - S&r)) = 0, 
since (Q) is a Schauder basis for E, 2 (prop. 1.2.). 
ii) If E’ is o(E’, E)-sequentially complete then I’ is complete under 
the Z(E’, E)-topology (prop. 1.6). This proves ii). 
iii) Just as in ii) the space E’ is now Z(E’, E)-complete. Hence the 
0 
C(E’, E)-closed, convex hull %‘(a) of & is Z(E’, E)-compact, and so it 
is o(E’, E)-compact. It is therefore a(E’, E)-closed. Then its (T(E’, I)-closure 
V(i@) 
e 
is also a(E’, E)-compact. 
PROPOSITION 2.2. If E, F has a Schauder basis (a) and E’ is u(E’, E)- 
sequentially complete, then the y-topology on E is compatible with the 
dual pair (E, E’). 
In particular if 7 is the Mackey topology of the dual pair (E, E’) 
the topologies Y and 3 coincide and the basis (8) is equicontinuous. 
PROOF. This is an immediate consequence of lemma 2.1. and the 
Mackey-Ahrens theorem. 
l?ROPOSI!CION 2.3. If E has a Schauder basis (q), E is cr(E, E’)- 
sequentially complete and E’ is a(E’, E)-sequentially complete, then 
E, 9 is complete. 
PROOF. E is then Z(E, E’)-complete (prop. 1.3.), while 9 is a com- 
patible topology on E which is finer than 5 (prop. 2.1. and 2.2.). Hence 
E, 9 is complete. 
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$ 3. THE WEAK BASIS PROBLEM 
Throughout this section we shall assume that E has a weak Schauder 
basis (5) and that E’ is rr(E’, E)-sequentially complete. We then charac- 
terize the finest compatible topology on E for which (5) is a Schauder 
basis. 
By prop. 2.2. this topology will always be such that the basis (xt) is 
equicontinuous. 
We denote by M the family 
.N={NIN=8, NC E’ and N is (T(E’, E)-compact}. 
The corresponding topology of N-convergence on E will then be denoted 
by 9. 
We then have 
PROPOSITION 3.1. The topology 5% on E is compatible with the dual 
pair (E, E’) and (5) is an equicontinuous Schauder basis in E, @. 
PROOF. Since E’ is a(E’, E)-sequentially complete the a(E’, E)-closed 
convex hull of every element N E JV is u(E), E)-compact. (cfr. the proof 
of lemma 2.l.iii)). This proves the compatibility of 4. 
It is then left to show that (a) is a Schauder basis in E, 49. The sequence 
(fs) is an equicontinuous Schauder basis in E’ for the topology C(E’, E). 
Therefore the sequence of operators (Tk) is equicontinuous on E’, 5(&T’, E). 
Now the sequence (TE) is pointwise convergent, thus it converges 
uniformly on every N E JV. 
This means that for every x E E we have 
fimk(supod ~%(a - T&-4)) = 0. 
But 
limk ~)N(z -Sk(x)) = 0, 
and thus is (Q) a Schauder basis in E, @. 
&COPOSITION 3.2. The topology % is the finest compatible topology 
on E for which (a) is a Schauder basis. 
PROOF. By lemma 2.1. we have indeed that every compatible topology 
on E for which (a) is a Schauder basis is coarser than the @-topology. 
PROPOSITION 3.3. The weak Schauder basis (Q) is a Sohauder basis 
for E if and only if for every element M E 4 the set B is Z(E’, E)-relatively 
compact. 
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PROOF. The original topology on E is then coarser than the @-topology. 
COROLLARY. If (a) is a weak Schauder basis for E and E’ is o(E’, E)- 
sequentially complete, then (a) is a Schauder basis for the Mackey topology 
on E if and only if for every convex a(E’, E)-compact subset C of E 
the set d is Z(E’, E)-relatively compact. 
PROPOSITION 3.4. If E is barrelled then every weak Schauder basis 
for E is an equicontinuous Schauder basis for E. (cfr. [l].) 
PROOF. Let A be a u(E), E)-bounded subset of E’. Then d is o(E’, E)- 
bounded (lemma 1.2.). Now E’ is (T(E’, E)-sequentially complete since E 
is barrelled. Hence the sequence space ,u associated with E’ is equal to 38. 
Combining the results of [4] with the fact that E is barrelled p. 976 
it is then easy to see that 2 is Z(E’, E)-relatively compact. 
So for every equicontinuous subset A of E’, the set B is Z(E’, E)- 
relatively compact. Hence the sequence (Q) is a Schauder basis in E. 
(prop. 3.4.) 
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